ISOCAPACITY ESTIMATES FOR HESSIAN OPERATORS 



JIE XIAO AND NING ZHANG 

Abstract. Through a new powerful potential-theoretic analysis, this 
paper is devoted to discovering the geometrically equivalent isocapacity 
forms of Chou- Wang's Sobolev type inequality and Tian- Wang's Moser- 
Trudinger type inequality for the fully nonlinear 1 < k < ^ Hessian 
operators. 
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1. Hessian Sobolev through isocapacitary inequalities 

1.1. Sobolev type inequalities for Hessian operators. Unless a special 
remark is made, from now on, is a bounded smooth domain in the n- 
dimensional Euclidean space M" with n > 2. Let u be a real-valued 
function on fi. For each integer k € [l,^^], the A;-Hessian operator is 
defined as 

l<ii<---<if;<n 
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where A = (Ai, . . . , A^) is the vector of the eigenvalues of the real symmetric 
Hessian matrix [D^u]. In particular, one has: 



Fk[u] 



Am = the Laplace operator as k = 1; 
a fully nonlinear operator as 1 < k < n; 
det(L'^ti) = the Monge- Ampere operator as k 



n. 



Here and henceforth, the following facts should be kept in mind: for 1 < k < 
n each Fk[u] is degenerate elliptic for any fc-convex or /c-admissible function 
u, denoted by « G $^^(0), namely, any C^(r2) function u enjoying 

Fj[u] > on V i = 1,2, ...,k. 

Moreover, if <&o(^) stands for the class of all functions u G $^($7) with zero 
value on the boundary dVl of 17, then ^o(^) ^ amounts to that is 
{k — l)-convex, i.e., the j-th mean curvature 

iJ,(aO,a;) = ^^^"< V j = l,...,fc-l 

' n — 1 ^ 
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of the boundary dVL at x is nonnegative, where are the 

principal curvatures of dVL at the point x; see for example [H [Ml [iTl |20l [181 
[231 [12]. 

As a natural generalization of the well-known case k = 1, the following 
Sobolev type inequalities indicate that $q can embed into some integrable 
function spaces; see Wang [22|, Chou [7, 8j, and Tian-Wang [18] for details. 

Theorem 1.1. Let 

'l<k <n; 



(i) If^^k<^ and 1 < q < k* = "^^"^^^ , then there is a positive constant 
c{n,k,q, depending only on n, k, q, and the volume of such 
that the Sobolev type inequality 

\\u\\Li{n) < c{n, k, q, \^\)\\u\\^k(^f^) 

holds, where for q = k* the best constant in the last estimate is obtained 
via letting Q — >■ by the function 

2k-n 

u{x) = (1 + 2fc . 

Moreover, for k = ^ and < q < oo, there is a positive constant 
c{n,q, diam{Q)) depending only on n,q and the diameter diam{n) ofVt 
such that the Sobolev type inequality 

ll^^llL9(n) < c(n, g,diam(ri))||M||^fc(j^) 

holds. 
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(ii) If k = ^, then there is a positive constant c{n,k, diam{Q)) depending 
only on n, k and diam{^) such that the Moser-Trudinger type inequality 

sup f ex.pia(- — j — ! ] < c{n, k, diam{Q)) 

holds, where 



< a < ao = n 

1 < /3 < /3o = 1 + 



n - 1 
fe - 1 



2 . 

n' 

u)n = the surface area of the unit sphere in IR"+-'^. 

(iii) If ^ < k < n, then there is a positive constant c{n,k, dia.m{0,)) de- 
pending only on n, k and diam{VL) such that the Morrey-Sobolev type 
inequality 

ll^^llL°°(n) < c(n, /J, diam(0))||n||^fc(j^) 

holds. 

1.2. Statement of Theorems ll.2til.3L Since the Morrey-Sobolev type 
inequality in Theorem 1 1.1 1 (iii) is relatively independent (cf. |17]). a natural 
question comes up: what is the geometrically equivalent form of Theorem \l.l\ 
(i)-(ii)? To answer this question, we need the so-called fc-Hessian capacity 
that was introduced by Trudinger-Wang [21j in a way similar to the capacity 
defined by Bedford- Taylor in [2] for the purisubharmonic functions. To be 
more precise, if is a compact subset of 0,, then the [l,n] B k Hessian 
capacity of K with respect to is determined by 

capk{K,Q) = sup jy Fk[u] : u G ^''{Q), -1 < n < o| ; 

and hence for an open set O C $1 we define 

capk{0, Q) = sup ^capk{K, J7) : compact K C o|; 

whence giving the definition of capk{E,Vt) for an arbitrary set E dVt: 

capk{E, il) = inf |capfc(0, il) : open O with E <Z O C 

According to Labutin's computation in [HI (4.16)-(4.17)], we see that if 
Bp C M" is used to represent an open ball centered at the origin with radius 
p > and if < r < i? < oo, then there is a constant c(n, A;) > depending 
only on n,k such that 



capkiBr,BR) 



c(n, k) (r^-T^ - for 1 < A; < f ; 

c{n,k)( logf f for 1 < A: = f. 



Moreover, capfc(-,J7) has the following metric properties (cf. [14^ Lemma 
4.1]): 
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• if = then capk{E, Q) = 0; 

• if -El C £'2 C then capk{Ei, Q) < capk{E2, 0,); 

• ii E C C ^1,2 then capk{E,ili) > capk{E,Cl2)', 

• ii El, E2, • • ■ C then capk{UjEj, < J2j capk{Ej, Q); 

• ii Ki D K2 D ■ ■ ■ is a sequence of compact subsets of O = Br then 
capk{rijKj,Q) = liiuj^oa capk{Kj . 

As a geometric form of Theorem 11.11 (i)-(ii), we have the following iso- 
capacitary inequalities for the A:-Hessian operators - see also Mazya \16\ 
(8.8)-(8.9)] for the case k = 1. 

Theorem 1.2. Let E C n and 1 < k < ^. 

(i) -(/ 1 < ^ < § and 1 < q < "'n'^^ ' then there exists a constant 
c{n,k,q, > depending only on n,k,q, and |J7| such that 

fc+i 

\E\ 1 < c{n,k,q,\il,\)capk{E,^}). 

In particular, when q = there exists a constant c(n, k) > 

depending only on n,k such that 

n — 2k / 1 \ / 

\E\ " < c{n,k)capk{E,U). 

Moreover, for k = ^ and 1 < q < 00, there is a positive constant 
c(n, g, diam(Q)) depending only on n,q, and diam(r2) such that 

k + l 

\E\ 1 < c{n,k,q,dia.m{il,))capk{E,n). 

(ii) If k = ^, then there is a constant c{n) > depending only on n such 



that 



\E\ 1 a 

— — - < c{n) exp 



13 
k + l 



{capk{E,n))' 

holds for a constant c(n) only depending on n, where 



0<a<ao = n'^ 



n - 1 
F V fe - 1 
2 



1 < /3 < /3o = 1 + 

ujn = the surface area of the unit sphere in M""''^. 

Theorem 11.21 (i)-(ii) will be verified in ^ by using Theorem 11.11 (i)-(ii) 
and a new characterization of capk{-,i^) given in ^ This process indicates 
Theorem ll.il (i)-(ii) Theorem 11.21 (i)-(ii). Nevertheless, Theorem ll.3( i)- 
(ii) below with /i being the n-dimensional Lebesgue measure shows Theorem 
11.21 (i)-(ii) =^ Theorem ll.il (i)-(ii) under Q being an origin-centered ball and 
k-^-^ < a < "(^+^) 

Theorem 1.3. Given an origin- centered Euclidean ball fl C M", 1 < k < ^, 
and a nonnegative Randon measure fi on Q, let 

T{fj,,Q,t) = inf {capk{K,^) : compact K cQ with ij.{K) > t| V t > 0. 
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be the k- Hessian capacitary minimizing function with respect to fi. 
(i) Ifl<k< \, then 

sup < ^^^^^If ^"'^^ : u G ^%{S^) n C^(il), < |In||^fcff2^ < oo > < oo 

holds when and only when 

fc+i 

^^Pt>o TJJlht) < °° k+1 <q<oo; 



k+l 



(ii) Ifk = ^, then 

sup{||u||ii(n,^) : ue^^{n)nc^{n), o < < 00} < oo 

holds when and only when 



sup t exp 

t>o 



a 



_j_ , <oo, 

-ifi,n,t))>'+^ 



where 



ip{u) =exp(a( || ) 



1 < /3 < /3o = 1 + 



LOji = ^/^e surface area of the unit sphere in M""*"^. 

Often referred to as trace estimates (due to the fact that fj, lives on and 
may be the surface measure on a smooth submanifold of O), the results in 
Theorem 1 1 . 3 1 wih be proved in ^through the /c-Hessian capacitary weak and 
strong type estimates for || • ||$fe(f2) presented in fgl Here, it is worth pointing 
out that the case A; = 1 of Theorem II .31 can be read off from the case p = 2 of 
Mazya's [161 Theorem 8.5 & Remark 8.7] (related to the Nirenberg-Sobolev 
inequality [H Lemma VI.3.1]), and the case g = A; + 1 of Theorem 11.31 leads 
to a kind of Cheeger's inequality - for k = 1 see also [6], [U Theorem VI. 1.2], 
and EH. 



Remark 1.4. Two more comments are in order: 

(i) Upon adapting the relatively natural capacity of a compact K C il. for 
/c-Hessian operator below (cf. ^ 

capk,3{K,n)=mf{\\u\\'ltl^^: ue^Un)nCHn), u\k<-1, n<0}, 
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we can see that Theorem 11.31 without assuming that is an origin- 
centerd Euchdean ball, still hold with capk{-,i^) being replaced by 

(ii) While going along with demonstrating Theorems 11.2111.31 we will in- 
troduce the required notation. But here, we only write c(a, b, c, d) for 
different constants (in different lines) depending only on a, b, c, d - for 
instance - X < c{a, b, c, d)Y < c{a, b, c, d)Z means that there exist two 
positive constants c(o, b, c, d) and c(a, b, c, d) depending only on a, b, c, 
d such that X < c{a, b, c, d)Y < c{a, b, c, d)Z. 

2. Four alternatives to capk{-,Vl) 

The purpose of this section is to define four new types of the A;-Hessian 
capacity with 1 < A; < ^ and then to establish their relations with capk{-, ^2). 

Definition 2.1. Suppose 
(l<k<f, 

[^E stands for the characteristic function of E C Q. 
First, for a compact K C ^ let 

' capk,i{K,n)= sup ^ J j^Fk[u]: u e <^>^{n) D (Cl) , -1< n < o}; 
capk,2{K,n) = mf(j^Fk[u]: u G ^^{Q) n C^{n), u<-Ik]; 
capk,3{K,n) = mf[- f^uFkiu] : n G n ^2(0), < -u}; 

capkA{K,^) = sup I - j^uFk[u] : u G $o(^) ^ C^i^)^ -I < u < o|. 
Second, for an open set O dVL and j = 1, 2, 3, 4 set 

capkj{0, = sup ^capis j{K, Q) : compact K C o|. 
Third, for a general set C and j = 1, 2, 3, 4 put 

capkj{E, Cl) = inf ^capkj{K, Q,) : open O with E C O C ^l^. 

Lemma 2.2. Suppose I < k < ^. Let be the Euclidean ball Br of radius 
r centered at the origin. If K is a compact subset of Q, then 



Jj^Fk[RkiK,n)] as j = l; 
Jj,{-Rk{K,n))Fk[Rk{K,n)] as j = 4, 



capkj{K,n) 

where 

Rk{K,i}){x) = limsup ( sup{n(y) : u G <l*o(^)i ^ 
is the regularised relative extremal function associated with K C^. 
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Proof. As showed in [14], the function x i— )• Rk{K,Q){x) is upper semicon- 
tinuous, is of C^(0), and is the viscosity solution of the following Dirichlet 
problem: 

'Fk[u]=0 mn\K; 
u = —1 on dK; 
u = on dfl. 
Moreover, 

capk{K,n)= [ Fk[RkiK,n)]. 
Jk 

Note that Rk{K,n) is in n C^{n) C So, from Definition O 

it follows that 



capk,i{K,n)= [ Fk[Rk{K,n)]. 

JK 



To see the desired formula for j = 4, let u G ^o(^) ^ C^i^)- Then, for 
any e there exists a function v E '^o(^) C'^(O) satisfying v = {1 + e)u, such 
that 

(l + e)'=+^capfc,4(^>f^) 



(1 + e)'=+^ sup { J {-u)Fk[u] : u G «>g(J7) n C2(n), -1< u < o} 
sup I / {-v)Fk[v] : V G ^'^(17) n ^^(ll), -1 - e < i; < o}. 



'K 

Since Rk{K, 0,) > —1 — e in K , we have 



Letting e — > 0, we obtain 



IK 

To reach the reversed one of the last inequality, let {Ki} be a decreasing 
open set with smooth boundary in and provide 

Ki+i cKi^n k U^i Ki = K. 

Then, using the regularity of dKi we define 

Ui = Rk{Ki,^) G CiO). 

According to [19^ Lemma 2.1], we have the following monotonicity: if 

G $^=(0) nC2(n); 
u > V in $7; 
u = V on di}, 



then 



Fk[u] < [ Fk[v], 
Jd. 
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whence getting 



Fk[u] < [ Fk[u]< [ Fk[u] < I Fu[u,]. 

J {ui<u} Jo. Jfl 



'K J {ui<u} 

Letting i ^ oo in the last inequality yields that 



u)Fk[u]< [ {-Rk{K,Q))Fk[Rk{K,n)] 

JK 



K 

holds for any u € ^o(^) ^ C^(^) with — 1 < n < 0. As a consequence, we 
get 

/ {-Rk{K,n))Fk[Rk{K,n)] > capk4K,n), 

JK 

thereby completing the argument. □ 

Theorem 2.3. Suppose 1 < k < ^ . Let Q be the Euclidean ball Bj. of radius 
r centered at the origin. If E C 0,, then 

capk{E, n) = capkj{E, Q.) V j = 1, 2, 3, 4. 

Proof. By Definition 12.11 it is enough to prove that if E = K is a compact 
subset of 0, then 

capk,i{K,^}) < capk,2{K,^) < capk,3{K,^) < capk,A{K,^}) < capk.i{K,^). 
To do so, note first that the inequalities 

\capk,A{K,Q) < capk,iiK,n); 
\capk,2{K,^) < capk,3{F:,n), 
just follow from Definition 12. 1[ Next, an application of Lemma 12.21 yields 

capk,i{K,n)=capk{K,n)= [ Fk[Rk{K,n)] = [ Fk[Rk{K,n)]. 

JK Jn 

Thus, from the definition of Rk{K,0,) and the monotonicity described in 

the proof of Lemma [2^2] it follows that for any u G <&o(^) ^ C^{^) satisfying 

u\k < —1 and u < one has 

/ Fk[Rk{K,n)] < [ Fk[u]. 
Jn Jn 

Upon minimizing the right-hand side of the last inequality we obtain 

capk,i{K,n) = [ Fk[Rk{K,n)] < capk,2{K,n). 
Jn 

Finally, by the definitions of Rk{K, 0,) and capk^K, Q), we achieve 

capk,3{K,^) 

< [ {-Rk{K,n))Fk[Rk{K,Q)] 
Jn 

{-Rk{K,n))Fk[Rk{K,n)]. 

K 
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thereby finding 

□ 

Corollary 2.4. Let O he the Euclidean hall Bj. of radius r centered at the 
origin. If E C 0,, then 

capi{E, n) = inf I j |L>up : u £ W^^^iQ), u>1e} = 2-cap{E, n), 

where W^''^{Q,) stands for the Sobolev space of all functions whose distribu- 
tional derivatives are in L^(J7). 

Proof. Thanks to the well-known metric properties of the Wiener capacity 
2-cap(-,r2) (cf. [151 Chapter 2]), we only need to check that 

capi{E,Q) = 2-cap{E,Q) V compact E dVt. 

Since Fi[u] = Au, for any u € *l*o(^) ^ C^(17) with u < —1e we apply an 
integration-by-part to obtain 

2 _ / I „,m2 



u)Fi[u]= / {-u)Au= / \Du\^ = / \D{-u) 
n Jn Jn Jn 

Upon considering the unique solution of the Dirichlet problem: 

'Fi[u] = Au = mQ\E; 
—u = 1 on dE; 

u = on 
we get 

capi,s{E,n)= [ {-R)Fk[R]= [ \D{-R)f = 2-capiE,n), 
whence reaching the conclusion via Theorem 12.31 □ 

3. ISOCAPACITARY INEQUALITIES 

3.1. Proof of Theorem 11.21 (i). Step {i)i. We start with proving that if 

E C Br and 1 < /c < §, then there is a constant c(n, k, q, > depending 

only on n,k,q, and such that 

fc+i . 
\E\ 1 < c{n,k,q,\^\){capk{E,Br)). 

Without losing generality, we may assume that £^ is a compact set in Br- 
Now, by Theorem ll.il (i), we have that if 1 < g < /c* then 

\\u\\l^b,.) < c{'r^,k,q,r)\\u\\^k(^j^^^ V n e $o(-Sr), 

where c(n, k, g, r) > is a constant depending only on n, k, q, r. 

Since Rk{E, Br) € ^^{Br), from the definition of || • it follows that 



Rk{E,Br)\\L',(Br)<c{n,k,q,r)( / { - Rk{E, Br))Fk[Rk{E, Br)] 



1 

fe+i 



1 

k + 1 



k+1 
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In other words, Theorem 12.31 is employed to derive 

\\Rk{E,Br)\\Li{Br) < c{n,k,q,r)(^capk{E,Br 

Thus, by the definition of Rk{E, Br), we achieve 

fc+i 
\E\~ 

< (^JjRk{E,Br)\ ^ ~ 
<( I \Rk{E,Br) 

^ J Br 

<\mE,Br)\\i+,l^^^ 

< {c{n,k,q,r))''^^capk{E,Br). 

Step {1)2- Next, we verify that if E C ^ and 1 < k < then there is a 
constant c{n,k,q, > depending only on n,k,q, and such that 

\E\~ < c{n,k,q,\Q\)[capk{E,Q))"'. 

Without losing generality, we may assume that is a compact subset of 
Q and $7 contains the origin. Then there exists a ball Br centered at the 
origin with radius diam(r2) such that Q C Br- 

Since 1 < A; < ^, by Step and Lemma 4.1(ii)], we obtain 

fc+i 

\E\ 1 < c{n,k,q,r)capk{E,Br) < c{n,k,q,\Q\)capk{E,il.), 
as desired. 

Step (2)3. Particularly, for q = "^^^^ we make the following analysis. 
Suppose ii^ is a compact set contained in Br - a ball centered at the origin 
with radius r > 0. We claim that if 1 < fc < | then there is a constant 
c(n, k) > depending only on n, k such that 

\E\^ < c{n,k)capk{E,W). 

In fact, according to Dai-Bao's paper [10], there exists a unique viscosity 
solution to the Dirichlet problem stated in the proof of Lemma 12. '2[ Such a 
solution guarantees that there exists a unique Rk{E,W^) satisfying 

Rk[E,W) = lim Rk{E,Br). 
Now, by the previous Step we have that if q = k* then 

n — 2k 

\E\ " < c{n,k,r)capk[E, Br), 

whence reaching the above claim through letting r — )• 00 in the last estimate. 
Now, using the same argument for Step {1)2, we get 

\E\'^ < c{n,k)capk{E,W) < c{n,k)capk{E,VL). 
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Step Following the above argument plus applying [TU Lemma 4.1(ii)], 
Theorem 11.11 (ii) and Theorem 12.31 we can readily find that 

fc+i 

\E\ 1 < c{n,k,q,diam{^}))capk{E,Q) 
holds for k = and 1 < q < oo. 

3.2. Proof of Theorem 11.21 (ii). Step Partially motivated by [U |H1 

125] . we begin with a slight improvement of the Moser-Trudinger inequality 
stated in Theorem 11.11 (ii): if A: = ^ then there is a constant c(n) > 
depending only on n such that 



sup / exp a 

o<\\u\U <ooJn \ Ml'«ll<i.g(c) 



/3 



< c(n) (diam(r2))"', 



where a,/3 are the constants determined in Theorem ll.il (ii). 

Without loss of generality, we may assume that $7 contains the origin. 
Then there exists a ball centered at the origin with radius diam(r2) such 
that Q C Br- Following the argument for [181 Theorem 1.2], we have that 
for any radial function u = u{s) in ^^{Br) there exists a ball Bf C M'z"^^ 

with radius f = r"+2 and a radial function v{s) = u{s^^) in ^^{Bf) such 
that 




where 



1 



Thus, by [18', Lemma 3.2], we achieve 

sup < j exp (^a(|p|p : u G ^>o(^) & < ||ti||$fc(Q) < oo 

< sup < / exp faf-n— ]— ^ Y\ '■ u G is radial > 

[Jn ^ \\uhk(n) ' J 

< c(n) (diam(r2))"', 
as desired. 
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Step {11)2- We utilize the last step to check the remaining part of Theorem 
1.21 (ii) . Since /c = ^ , by Lemmas 12. 2^ 13.21 and Theorem 12.31 we have 



\E\ exp 



capk{E,Br))''+^ 



\E \ exp 



capk,:i{E,Br))^+^ 



<sup| / exp(a(^^ f): n G 

< c(n) (diam(i?^.))", 



I.e., 



" < ^ < In (c(n)l^r^(diam(J^))''). 



(capfc(^,0))^+i (capfe(E,5,))'=+' 



Now, a simple calculation gives the desired inequality. 



4. Capacitary weak and strong type estimates for <1*o(^) 

In a way different from proving the capacitary weak and strong type 
estimates for the Wienner capacity 2-cap(-,ri), we establish the following 
/c-Hessian capacitary weak and strong type inequalities. 

Theorem 4.1. Suppose that $7 is an origin- centered Euclidean hall. If u G 
n C'^{Q) andl<k<^, then one has: 

(i) the capacitary weak type inequality 

capk{{x G n : \u{x)\ > t}) < Ikll^tJ^,) V t > 0; 

(ii) the capacitary strong type inequality 



t''capk{{x G n : \u{x)\ > t},n) dt < c(n, /c)||u||J_tJ^^, 



where c{n,k) > is a constant depending only on n,k. 
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Proof, (i) For t > let v = t~^u. By Theorem 12. 3^ we obtain 

capk{{x G : |f(2;)| > 1}) 

= sup I / i-f)Fk[f] : / G ^Kn) n c\n), -1 < / < o| 

W{|^|>1} J 

= / {-Ri{\v\ > 1}, n))Fk[R{{\v\ > 1}, n)] 

J{\v\>l} 

< I {-R{{\v\ > i},n))Fk[R{{\v\ > 

Jn 

< [ {-v)Fk[Ri{\v\>l},n)] 

< [ i-v)Fk[v], 



Jn 

thereby getting 

capk{{x G n : > t}) < [ {-u)Fk[u]. 

Jn 

(ii) For t > let Mj = {x G : \u{x)\ > t}. Without loss of generality, 
we may assume < oo, and then define a normed set function (cf. 

i) 

Note that 

El n ^2 = ^ HFi U E2) = (t)[Ei) + (t){E2). 

Applying Theorem 2.2-CoroIlary 2.3], we can find a non-negative mea- 
sure ip defined on and a positive constant c„ depending only on n such 
that 



{(l){E) < iPiE) V ECU; 
< Cn. 
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Consequently, for a given constant a > 1 we estimate 

dt 



poo 
^0 



atj ^ 

< I ij{Mt\Mat) 
D 

("x> rat 



dt 

T 

■Jo Jt ^ 

^ '"a dt 

d^{Ms) 







f OO 



= -(In a) / di^{Ms) 
JO 

= ^(Mo)lna 



< 'ip{n)lna 

< Cn In a, 



whence deriving 



Now, if 



then 



and hence 



l(a-l)t' J' 



u = max • 



(a - l)t 



wlM„t < -1, 



ifc+i 



JMt 




= k-' 










/ 




JMt\Mat 


<f 


{- 


JMt\Mat \ 


= (a- 





u 



{a-\)t)\{a-\)t 



{a-l)t_ 



u 



(a - l)t_ 



JMt\Mat 



where 



{D^f = A = {aij}. 
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Using the definition of capk^si-, '^^ obtain 



/ t''+'capk,3iMat,Mt)- 







< 



ni^t) t 

^JMt\Mat ' * 



<c.(lna)(a-l)-('=+i)||n||^tJ^^. 

In particular, if A = at, then a combination of Mt C 0, Theorem 12.31 and 
Theorem 14.11 (ii) derives 



/ y^capi,[\x G 17 : |n[ > A},il) dA 

JO 



oo 



< / [atfcap^,^'i{MauMt)d{at) 







<c„a'=+Hlna)(a-l)-(^-+i)||t.||J,+i^^. 



□ 



5. Analytic vs geometric trace inequalities 
5.1. Proof of Theorem 11.31 (i). In what follows, we always let 



1 < A; < f ; 



Mt = {xGJ7: |ii(x)|>t} V t > 0. 



^iep For A; + 1 < g < oo let 



C\ = sup — — — — - < oo. 

t>o T{fi,n,t) 



Then 



fJ-{K)^ < Cl;+^ {capk{K, Q)) '=+1 V compact K cQ. 
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An application of Theorem 14.11 (ii) yields that for any u G ^o{^) H C^(il), 



q l-OO 
Y fc + 1 



< q{k + ir^C,'+' hWl'^lnl 1^ capfc(MA, n) dX 



fc+i 



< q{k + l)-'^Cl+' c{n,k)\\u^^'^ 



This gives 



C2 = sup 



: u e 4>o(^) 1^ C (Q) with < < 00 > < 00. 



Conversely, assume C2 < 00. An application of the Holder inequality with 



q' = — ^ implies 



and thus 



Now, taking 



we obtain 



tfi{Mt) 

< [ \u\dfi{Mt) 
<C2||n||^g(f,)(MMj))7, 

SUpi(/i(Mt))« < C2\\u\Urny 

t = l; 

\u\ ^ Ix for any compact K C ^, 



whence reaching Ci < Cg^^. 
Step {i)2- For 1 < g < + 1 let 



fe+i 



ikM = /o°° (t " {T{fi,n,t)) 

^k,q\i^,u} = 2^ ; s .J 

(cap,(M2,W))^^ 
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If Ik,q{fJ') < oo, then the elementary inequahty 

+ 6^= < (a + 6)" V a,6>0&c>l 

imphes 

oo 

= - KM2,+i{u)))^^{capkiM2jiu),n)yT^^ 



]=-co 
00 



< (/"(M2,(n))-/i(M2,+i(n)))'=+^-«(r(/i,0,/.(M2,))) 



k + l-q 



]=-oo 

00 



/i(M2.(n)) -^(M2.+i(n))fc+i-«(r(/i,l^,^(M2.))) ''+1- 

j=-oo 

<c{n,k,q) (r(^,il,s)) fc+i-g ds'^+i-J 
JO 

< c{n,k,q)Ik,g{ti). 
Therefore, by the Holder inequality and Theorem 14. H we have 
Ihyll'' 

n 

00 

tidfi{Mt{u)) 



00 

< Y (m(^2.M) - M(M2.+i(n)))2^''? 
—00 

/ °° \ fc+l 



-00 



g 

<{Sk,g{fi,u))^ U capkiMxiu),n) dA^+i 



< c{n,k,q){Sk,qifJ.,u)) fc+i H-ull^fc^j^^ 

< c 

whence getting 



k + l-q 



fc + l-q 

Cl<c{n,k,q){hM) '=+1 . 
Conversely, suppose C2 < 00. Then 

SUpt(/i(Mt))9 < < C2\\u\\^krf^) 

t>0 " 
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holds for any u € ^*o(^) ^ C^i^)- According to the definition of r(/i, f2, t), 
for each integer j there exist a compact set Kj C and a function uj G 
$g(n)nC2(0) such that 



capkiKj,n)<2T{fi,n,2^)- 

Uj < -iKf, 



Now, for integers i, m with z < m let 



Ui^rri — ^^Pi<j<m1j fj 'i 



Then Ui^m is a function in $q (f2) fl (O) - this follows from an induction 
and the easily-checked fact below 



maxjui, ^2} = 



Consequently, 



In- 11'=+^ 



3=1 



Observe that for z < j < m, one has 



Ui,m{x) <Jj V X G Kj. 



Therefore, 



2^ <ljL{Kj) <^i{M^.{ui,m)) 
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This in turn implies 
\\v II'' 

lF«,m||^fc(f2) 

Jn 

\ q 

'mi{t : iJ.{Mt{ui^rri)) < s}) ds 

j=i 

m 



> C2 ^c{n,k,q) 



Ui. 



I<i.g{f2) 



> C2 '^c{n, k, 



j(fc+i) 



II'' 



k + l 



k + l-q 
k + l 



V(Er=.2^(r(/i,J7,2J))'=+-« 

/ m , , 

>C2'c{n,k,q) I ^2^(r(/x,J7,2^))-^ 
Consequently, 

E (i+i)(fc+i) . 
2 (r(/x,0,2J)) < 00 

.. , . » » , 



ci.g(n) 



9 



«—>'—oo m—)-cxD ■ 



5.2. Proof of Theorem 11.31 (ii). In the sequel, for 



ft — 2, 



^Mt{u) = {x e n : \u{x)\>t} V t>o. 
For convenience, rewrite the previous quantity Ci as 



Ci(n, k, q, ^, $7) = sup 



t 1 



If 



C3(n, fc, a, 13, fi, Q) = supt exp 

i>0 



a 





k + l 



< 00, 
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then for q > k + 1, 



k + l 
t -3 

= sup — — — — - 

t>o r{fi,n,t) 



sup 



k + l 



) 



< 



< 



_Q_ 

a/3 

J_ 

a/3 



k+l 

/3 



sup I t9 exp 



q 



k+l 



k+l 



k+l 

i 



sup I texp 



a 



k + l 
/3 



k + l 

{C3{n,k,n,n)) ^ 



k + l 



Also, applying the Holder inequality for g > A: + 1, we get 



J exp 



l^ll<I>J;(f7) 



i=i 



^+Jni^. ^1 



It 



$g{n) 



d/j, 



<Si+ S2, 



where 



^2 = Ei>m fr L 



Next, we control Si and ^2 from above. As in the last subsection, we 
have that for any u G $o(^) ^ C^i^) and integer m> k + l, 

\ur dix < (Ci(n, k, m, J^)) ^c(n, k)\\u\\'^k^^y 



This, along with the previously- verified inequality 

fc+i 

Ci(n, A;, q, ji, J7) < 



' (C3(n,A;,/i,J^))'^' V g>fc + l. 
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gives 

i ^ - ~ ^ 

Si< ({Cl{n,k,q,^i,n))^^c{n,k)^ ' <oo. 



Meanwhile, Theorem 14.11 is utihzed to derive 



, til •'U 



E 

- /3 



/3 



a/3 f^^a^ /i(M,) ^ (,.+1) 



< a(3{k + l)^iC3(n, A;, a, p, /x, (capfc(Mt, Q)) dt^+' 

< aP{k + l)"-^c(n, k)C3{n, k, a, /3, ^u, O). 

Now, putting the estimates for Si and 5*2 together, we obtain 

C4 = sup|||n||ii(f^^^) : u G nC2(l^) with > o| < 00. 

Conversely, if C4 < 00, then for any u € <I>o(f^) nC^(O) with HuH^fc^f^) > 
one always has 

/ expfaf-^ — j — ^ )''| dfi < C4. 

Jn \ IWh^^iu) J 

Note that for any compact set K C Q there exists a function R{K, Q) such 
that 

\\RiK,n)\ > Ik. 
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So, wc get 



/Li(i^) exp 



a 



{capk{K,n)) 



< exp — I dfj, 



</^exp(^a( 



\RiK,n)\ ^ 



\\RiK,n)\u 



<C4, 

whence achieving C^{n,k,a, (3, ^1,0) < C4. 
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